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According to the geometric characterization of measurement assemblages and local hidden state
(LHS) models, we propose a steering criterion which is both necessary and sufficient for two-qubit
states under arbitrary measurement sets. A quantity is introduced to describe the required local
resources to reconstruct a measurement assemblage for two-qubit states. We show that the quantity
can be regarded as a quantification of steerability and be used to find out optimal LHS models.
Finally we propose a method to generate unsteerable states, and construct some two-qubit states
which are entangled but unsteerable under all projective measurements.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
The concept of quantum steering was initially intro-
duced by Schro¨dinger [1]. Consider two distant parties,
Alice and Bob, sharing a pair of particles, by perform-
ing measurements on her own particle, Alice can steer
the particle of Bob into different quantum states. It was
recently recognized as a special type of quantum nonlo-
cality intermediate between entanglement and Bell non-
locality [2, 3]. Different from entanglement and Bell non-
locality, quantum steering is asymmetric between the two
parties [4]. The party which to be steered (say Bob) ex-
amines the conditioned states of his own system while re-
ceiving the outcomes of the other party’s measurement.
To make sure that his system is genuinely influenced by
Alice’s measurements instead of some preexisting local
hidden states (LHS), Bob must exclude the LHS model:
p(a, b|A,B;W ) =
∫
p(a|A, λ)p(b|B, ρλ)q(λ)dλ, (1)
in which p(a, b|A,B;W ) = Tr(Aa ⊗ BbW ) is the proba-
bility of getting outcomes a and b when measurements
A and B are performed on W by Alice and Bob re-
spectively, Aa and Bb are their corresponding measure-
ment operators. λ is the local hidden variable, q(λ) is
the probability density of λ, and p(a|A, λ) is the condi-
tioned probability of Alice obtaining outcome a under λ.
p(b|B, ρλ) = Tr(Bbρλ) is the conditioned probability that
Bob obtains outcome b while performing B on ρ(λ), ρ(λ)
are some local quantum states on Bob’s side determined
by λ.
The probability model of LHS in Eq. (1) can also be
expressed in the form:
ρ˜aA =
∫
p(a|A, λ)ρλq(λ)dλ, (2)
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where ρ˜aA = TrA(Aa ⊗ IBW ), which is the unnormalized
conditioned state on Bob’s side after Alice obtaining a for
measurement A, the set {ρ˜aA} for all a and A is referred
to as a measurement assemblage [6]. The probability
distributions in Eq. (2) should satisfy
∑
a
p(a|A, λ) = 1,
∫
q(λ)dλ = 1,
∫
p(a|A, λ)q(λ)dλ = p(a|A), (3)
where p(a|A) = Tr(ρ˜aA) is the probability of getting out-
come a when Alice performs measurement A.
A bipartite state is steerable from Alice to Bob if and
only if there is no LHS model {p(a|A, λ), q(λ), ρλ} such
that both Eqs. (2) (3) hold for all results a of measure-
ments A ∈ MA, where MA is the set of measurements
Alice is able to perform on her side [2].
To judge if a state is steerable under certain sets of
measurement, we need to check if there is an LHS model
for the corresponding measurement assemblage. Many
criteria have been proposed, such as inequalities based on
the convexity of steering assemblages [5] or using semidef-
inite programming (SDP) [6, 7], which can be used for a
wide range of bipartite states. But still there is no cal-
culable method that can determine the steerability for a
generic bipartite state under arbitrary measurement sets
even in two-qubit case yet.
Inspired by several works on geometric illustration of
quantum steering [8, 9], we propose a geometric charac-
terization of measurement assemblages and LHS models,
and define a quantity that describes the required local re-
sources to realize the measurement assemblages. We use
the characterization and the quantity to (i) obtain a cri-
terion of steering which is both sufficient and necessary
under any measurement sets, (ii) define the optimal LHS
model for an assemblage, (iii) quantify steerability, (iv)
provide a method to generate unsteerable states. Then
some examples and further discussions are given.
In Ref. [8], a geometric representation was given for
2the measurement assemblage of a two-qubit state under
all POVMs. Under the Pauli basis σi = {I, σx, σy, σz},
i = 0, 1, 2, 3, every single-qubit state ρ can be written
as ρ = 12 (I + b · σ), where the real Bloch vector b =
(b1, b2, b3) satisfying
∑3
i=1 b
2
i ≤ 1 and σ = (σ1, σ2, σ3). If
we place the Bloch vectors baA of the conditioned states
ρaA =
1
2 (I + b
a
A · σ) into a Bloch sphere, a steering ellip-
soid is obtained. This method intuitively characterizes
the conditioned states under all possible measurements.
However, unnormalized states ρ˜aA have different normal-
izing factor p(a|A). If we normalize ρ˜aA in Eq. (2), the
corresponding local states ρλ would become unnormal-
ized ρ˜λ with trace
1
p(a|A) , and a ρ˜λ shared by different
ρaA may have different trace simultaneously, which makes
it difficult to geometrically characterize the relation be-
tween measurement assemblages and local states.
II. THE GEOMETRIC MODEL
In our work, in order to characterize the relation in
Eq. (2) efficiently, we put the shrinked Bloch vectors saA
into a unit sphere instead of baA. s
a
A are vectors satisfying
saA = p(a|A) · b
a
A, and they correspond to ρ˜
a
A as
ρ˜aA = p(a|A)ρ
a
A =
1
2
[p(a|A)I + saA · σ]. (4)
The unit sphere we put saA in is not a Bloch sphere, since
the vectors in Bloch sphere represent quantum states
with trace 1, while saA represent unnormalized states with
trace p(a|A). The length of the vector in this sphere is
the product of the trace and the purity of the unnor-
malized conditioned state. Similar to Bloch sphere, the
surface of this sphere is comprised of pure qubit states.
We would call such sphere a probability Bloch sphere and
denote it with B˜, its surface with N and its center with
C.
A two-qubit state ρ can be written in Pauli bases as
ρ = 14
∑3
u,v=0Guvσu ⊗ σv, where Guv is the element of
real matrix G =
(
1 bt
a T
)
, a and b are Bloch vectors,
T is a 3 × 3 matrix, and superscript t means transpo-
sition. When Alice’s side is projected onto a pure state
Aa =
1
2 (I + x
a
A · σ), Bob’s conditioned state becomes
ρ˜aA =
1
4
[(1 + xaA · a)I + (b+ T
txaA) · σ]. (5)
By comparing equations (4) and (5) we have p(a|A) =
1
2 (1 + x
a
A · a) and s
a
A =
1
2 (b + T
txaA). We can see that
the geometric figure Bob obtains in B˜ under projective
measurements of Alice’s side is shaped by 12T
txaA, trans-
lated by 12b and independent of a. The steering figures
could be ellipsoids, ellipses, segments and points, the sur-
faces of them are generated by projective measurements
of Alice’s side and the inner parts are by POVMs, since
any POVM operator can be written as a mixture of some
projectors.
Hereinafter we call a set {p(a|A, λ), q(λ), ρ(λ)} satis-
fying Eqs. (2) and (3) an LHS model for ρ. Now we
are ready to construct a geometric characterization of
LHS models under arbitrary measurement sets. We will
demonstrate the case of one way steering from Alice to
Bob, the case for opposite direction is similar.
Consider an ensemble {q(λ), ρ(λ)}, where ρ(λ) = 12 (I+
bλ · σ), bλ is the Bloch vector of ρ(λ) which is deter-
mined by λ. Let η denote a vector in B˜ and q(η) de-
note a nonnegative distribution of η. To characterize
this ensemble in sphere B˜, we let q(η) =
∑
{λ|bλ=η} q(λ).
The sum on the right is over all λ which have the same
Bloch vectors bλ = η (same local state with different dis-
tributions). By this method we characterize the states
ρλ with vectors η which satisfy η = bλ, then we can
construct a geometric model that characterizes the LHS
model {p(a|A, λ), q(λ), ρ(λ)}, which we abbreviate as a
g-model.
Definition 1. A g-model G for a steering figure is non-
negative distributions {q(η), p(a|A,η)} satisfying
(1) Equations
∑
a
p(a|A,η) = 1,
∫
B˜
q(η)p(a|A,η)dη = p(a|A) ·
∫
B˜
q(η)dη (6)
hold for all a and A, where the integral is over sphere B˜,
η are vectors in B˜ distributed with q(η). Note that in
this work we use q to denote the probability density and
p to denote the probability.
(2) Equation
saA =
∫
B˜
p(a|A,η)q(η)ηdη (7)
holds for all a and A.
Now we introduce a quantity S for every g-model.
Definition 2. Let S denote the integral
∫
B˜
q(η)dη for
a g-model G.
Note that there may be more than one g-models for
a steering figure of a two-qubit state, we let the models
with the smallest quantity S among them be the optimal
g-models of the figure.
Definition 3. An optimal g-model Go for a steering
figure is the g-model with So=mini{Si}, where Si is the
quantity S of some g-model Gi for the steering figure.
Before making further explanations for the g-model,
we propose a steering criterion using g-model.
Criterion 1. An measurement assemblage of two-
qubit quantum state admits an LHS model if and only if
So ≤ 1 for its steering figure.
Proof. For the necessity, the LHS model of the assem-
blage can be written as {p(a|A, λ), q(λ), ρ(λ)}, where
ρ(λ) = 12 (I+bλ ·σ) in Pauli basis, bλ is the Bloch vector
3determined by λ, let
q(η) =
∑
{λ|bλ=η}
q(λ),
p(a|A,η) =
∑
{λ|bλ=η} p(a|A, λ)q(λ)
q(η)
. (8)
then Eqs. (6) and (7) would hold for saA of all ρ˜
a
A in Eq.
(2). Therefore {q(η), p(a|A,η)} is a g-model G for the
steering figure. Now that S =
∫
B˜
q(η)dη =
∫
q(λ)dλ = 1,
So ≤ S = 1.
For the sufficiency, let po(a|A,η) and qo(η) denote the
distributions of the optimal g-model for the steering fig-
ure. When So ≤ 1, we can construct the modified distri-
butions {q′o(η), p
′
o(a|A,η)} satisfying
q′o(η) = (1− So) · δ(η) + qo(η),
p′o(a|A,η) =


p(a|A)− I(a|A)∫
C
q′o(η)dη
, η = 0,
po(a|A,η), otherwise,
(9)
where δ(η) is Dirac delta function, I(a|A) denotes the
integral
∫
η 6=0 po(a|A,η)qo(η)dη, and the subscript C in
the integral expressions means that the integral area
is a small neighbourhood of the center C. Now we
have
∫
B˜
q′o(η)dη = 1. Then we can construct a model
{p(a|A,η), ρ(η), q(η)} by ρ(η) = 12 (I + η · σ), q(η) =
q′o(η), p(a|A,η) = p
′
o(a|A,η). Note that if
∫
C q
′
o(0)dη =
0 in Eq. (9), we let p′o(a|A,0) =
1
2 . This model sat-
isfies equations (2) (3), thus is an LHS model for the
state. 
Now we explain this geometric model. Eq. (7) sets
aside the I part of every ρ˜aA in Eq. (2) and just consid-
ers the shrinked Bloch vectors saA. Eq. (6) is similar to
Eq. (3) except that the distribution q(η) is not normal-
ized. Geometrically, quantity S describes the quantity of
vectors needed to generate a steering figure under proba-
bility conditions Eq. (6). When S ≤ 1 for a g-model, we
use method given in Eq. (9) to get a normalized q′(η),
then the g-model can be directly mapped to a LHS model
as showed formerly. If So > 1 for a steering figure, it is
impossible to construct an LHS model for its correspond-
ing measurement assemblages.
If we set aside the normalization condition
∫
q(λ)dλ =
1 in Eq. (3) for LHS model {p(a|A, λ), ρ(λ), q(λ)}, we can
directly transform a g-model {q(η),p(a|A,η)} and such a
modified state model into each other, by taking bλη = η,
ρ(λη) =
1
2 (I + bλη · σ), and relations in Eq. (8). We
call such model the modified local hidden state (MLHS)
model. Notice that a g-model may be transformed into
different MLHS models, since there may be more than
one λη with different distributions {q(λη), p(a|A, λη)} for
some η. When S ≤ 1 for a g-model, the corresponding
MLHS models can be changed into a valid LHS model
with a method similar to Eq. (9). We will denote the
MLHS models with H hereinafter.
Now we classify the g-models and MLHS models into
simpler equivalent groups which are one-to-one corre-
sponded. Note that all the proves and details of the fol-
lowing theorems are in appendix A-D.
Theorem 1. Any g-model in B˜ can be transformed
into an equivalent g-model {qˆ(ξ), pˆ(a|A, ξ)} in areaNC =
N ∪ {C} with equal quantity S, where N is the surface
of B˜ and C the center, ξ are unit vectors or zero vector.
We call the latter g-model extreme g-model and denote
it with GE .
Theorem 2. Any MLHS model {p(a|A, λ), q(λ), ρ(λ)}
can be transformed into an equivalent one written as
{p′′(a|A,υ), q′′(υ), ρ(υ)}, where {ρ(υ)} contains only
pure states and maximally mixed state. The latter MLHS
models can be one-to-one mapped to extreme g-models.
Theorem 1,2 also show that, when we try to construct
concrete local models for two-qubit states by geometric
methods or programming, we just need to consider a type
of simpler g-models (MLHS models). We call the MLHS
model which is one-to-one mapped to an extreme g-model
the corresponding MLHS model of the g-model, and vice
versa. The MLHS model Ho which corresponds to GEo is
defined to be the optimal MLHS model for the measure-
ment assemblage, since there is no LHS model for the
assemblage if Ho is not an LHS model (So > 1). When
So ≤ 1, Ho can be changed into the optimal LHS model
by adding maximal mixed state I and normalizing its
distributions {p′′o(a|A,υ), q
′′
o (υ)} using the method in Eq.
(9). Such optimal LHS model has the largest proportion
of I among all the LHS models of the assemblage.
III. STEERABILITY QUANTIFICATION AND
MODEL CONSTRUCTION
The ideas to quantify steerability have been discussed
in several works before [10, 18]. In Ref. [10], the quan-
tification is based on the minimum amount of genuine
steerable resources required to reconstruct an assem-
blage. Here we also propose a method of steerability
quantification. We take quantity S as the local resource
required for an MLHS model to reconstruct the assem-
blage. Then, quantity So indicates the minimum required
local resources. We use So as the quantification of steer-
ability of the steering assemblage. It can be shown that,
when MA is the set of all POVMs, So is unchanged un-
der local unitary (LU) operations and does not increase
under local operations and shared randomness (LOSR),
see appendix F.
Now we consider construction of g-models under state
mixing.
Theorem 3. A state ρ obtained by ρ =
∑
i c(i)τi has a
MLHS model Hρ under a measurement setMA if every τi
has a MLHS model Hi under this set, where τi are some
two-qubit states, real number c(i) ≥ 0 and
∑
i c(i) = 1.
It’s known that the set of LHS is a convex set, the
mixed state of unsteerable states is unsteerable. Theorem
3 gives a stronger method that may obtain unsteerable
two-qubit states by mixing states with MLHS models. To
4do so we just need to construct Hρ and calculate quantity
Sρ of its corresponding g-model.
A natural question arises as, do all the two-qubit states
have an MLHS model for the steered side (Bob) under ar-
bitrary measurement set of steering side (Alice)? Using
theorem 3 we demonstrate that the answer is affirma-
tive.
Theorem 4. The MLHS models exist for the set of
states {φ(c)} under a measurement set MA, if and only
if MLHS model exists for some φ(c0) under MA, where
φ(c) = cρ+ (1 − c)ρA ⊗ IB , (10)
where ρ is an arbitrary two-qubit state, c ∈ [0, 1], c0 ∈
(0, 1] and ρA = TrB(ρ).
Every two-qubit state ρ can be written as
ρ = c1pia + c2pib + c3piT , (11)
where coefficients ci (i = 1, 2, 3) are nonnegative real
numbers and
∑
i ci = 1. States pia =
1
4 (I + a · σ ⊗ IB),
pib =
1
4 (I + IA ⊗ b · σ), piT =
1
4 (I +
∑3
i,j=1 Tijσi ⊗ σj),
where σi,j are pauli matrices, a and b are two vectors
satisfying |a| ≤ 1 and |b| ≤ 1, Tij are real and |Tij | ≤ 1.
Since states pia and pib are separable states, LHS mod-
els exist for them under any measurement set. piT are
states which satisfy G =
(
1 0
0 T
)
. Such states are
called T states [11]. We have proved that steerability
is unchanged under local unitary (LU) operations in ap-
pendix, so we just need to find g-models for a subset of
T states, which have diagonal T matrices without loss of
generality [11]. Let piD denote such states, which can be
written as
piD =
1
4
(I ⊗ I +
3∑
i=1
Tiiσi ⊗ σi). (12)
This subset of states are called Bell diagonal states
since they can be written as combinations of four Bell
states ρBi (i = 1, 2, 3, 4). As the states ρ(p) = pρBi +
(1 − p)I/2 are separable states (thus have LHS models)
when p ≤ 13 , the four Bell states have MLHS models un-
der any measurement set according to theorem 4. Then,
from theorem 3 we know that all piD (thus all piT ) have
MLHS models.
As three types of states in Eq. (11) have MLHS models
under an arbitrary MA, using theorem 3 we obtain that
all two-qubit states have MLHS models under an arbi-
trary MA. This result also supports the idea to quantify
steerability of two-qubit states using quantity So.
IV. SPECIFIC EXAMPLES
Now we give some applications of Theorem 3. The ex-
amples will be given using extreme g-model under con-
tinuous sets of all projective measurements. All mea-
surements A are assumed to be projective measurement
performed by Alice in the following cases.
1.Werner states
Two-qubit Werner states [12] can be written as
W (p) = p|ψ〉〈ψ|+ (1 − p)I/4, (13)
where |ψ〉〈ψ| is the singlet state and I is the identity.
According to the existing optimal LHS model for some
Werner states [2, 12], we obtain that the optimal g-model
for a two-qubit singlet state |ψ〉 (including Werner state)
under projective measurements is
pEo(a|A,ξ) =


1, |ξ| = 1, ξ · saA ≥ 0,
1/2, |ξ| = 0,
0, otherwise,
qEo(ξ) =


1
2pi
, |ξ| = 1,
0, |ξ| = 0,
(14)
where subscript Eo indicates that it is an optimal ex-
treme g-model. The optimality is proved in our another
work [13].
For all Bell diagonal states, p(a|A) = 12 . In the proof
of theorem 3 we demonstrated that, for such states, if
we construct an MLHS model Hρ using the way we pro-
posed, the quantity Sρ satisfies Sρ =
∑
i c(i)Si. As the
quantity So is 2 for |ψ〉 and 0 for I, we obtain that Werner
state is unsteerable if p ≤ 12 .
2.Mixed states of 2D T states and singlet state
Note that we just need to consider states piD with di-
agonal T matrix. 2D T states are piD that Tii vanishes
for an arbitrary i, their steering figures are 2D ellipses
centered at the center of B˜.
In another work [13] we give an optimal g-model for
2D T states and provided a way of calculating quantity
So under this model. We obtain that quantity So equals
half of the circumference of the steering ellipse for 2D T
states. [13]
Here we illustrate the case with a state ρ satisfying
T11 = T22 = −1/2, T33 = 0, whose steering ellipse is a
circle with radius 1/4 and circumference pi/2.
In the proof of theorem 3 in appendix we also prove
that the mixture of T states are unsteerable if the mix-
ture of their steering quantity S does not exceed 1. The
quantity So for ρ is pi/4, so the state ρ(p) generated by
ρ(p) = p|ψ〉〈ψ|+ (1 − p)ρ, (15)
is unsteerable if p ≤ 1−pi/42−pi/4 . Such unsteerable states are
outside the convex tetrahedron of separable piD (except
for p = 0 case), thus they are states that are entangled
but unsteerable under all projective measurements. This
result can be examined using the criteria proposed in
some former works about the steerability of T states
[15, 16].
3.Mixture of states τi with different pi(a|A)
Let τi be some two-qubit states whose g-models are
constructed and with different probability pi(a|A). We
5can construct a g-model for ρ by mixing the g-models
of τi as showed in proof of Theorem 3 in appendix.
The corresponding Sρ satisfies Sρ ≥
∑
i c(i)Si and
can obtained by simple calculation. Especially when
qi(0) = 0, we can let Sρ =
∑
i c(i)pi(a|A)Si
pρ(a|A) . In Ref. [4, 16],
LHS models for some two-qubit states with nonuniform
p(a|A) are given. By transforming them into g-models
and mixing them with other states, we can obtain more
untrivial unsteerable states.
Since any POVM can be converted into an equivalent
“fine grained” one, with each operator Aa written as a
shrinked projector as Aa = caPa (0 < cA ≤ 1) [17], a
question is raised as, can we generalize the result for
projectors into POVM operators by shrinking the con-
ditioned probabilities of MLHS models we constructed
for projectors? In appendix E we show that the models
constructed by this approach do not satisfy Eqs. (6)
and (7) simultaneously. So constructing MLHS models
under general POVM would be a more challenging task.
V. CONCLUSION
We construct a geometric characterization of LHS
models for the steering assemblages of two-qubit states,
by introducing geometric model (g-model) and modified
LHS model. Our work provides access to constructing
concrete MLHS models for two-qubit states. More pre-
cisely, we can start with the T states. Then we can gen-
eralize the result for T states into more states. Also we
may obtain some results about asymmetric steering. In
another work [13] we further explore the projects above.
Another interesting project is to generalize the model
for generalized bipartite states of higher dimensions. Al-
though we don’t have a geometric characterization for
general higher dimensional bipartite states, we might get
some results for some highly symmetric states, such as
isotropic states. This is left for future study.
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APPENDIX A: CONSTRUCTION OF THE
EXTREME G-MODEL GE
Now we show that every g-model {q(η), p(a|A,η)}
in the main text can be transformed into a g-model
{qˆ(ξ), pˆ(a|A, ξ)} with equal quantity S, where ξ are unit
vectors on surface N or zero vector at center C of the
sphere B˜. We denote the latter g-model as extreme
g-model GE .
Let dξ denote the infinitesimal area on the surface
N , corresponding to the unit vector ξ. Also we label
each η with ξ and k ∈ R, k ∈ [0, 1], then every η can
also be written as ηkξ for some η and k, which satisfies
ηkξ = k · ξ. Then we let
qˆ(ξ) =
∫ 1
0
q(ηkξ )|η
k
ξ |f(η
k
ξ )dk, ξ 6= 0, (s.1)
pˆ(ξ) =
∫
B˜
q(η)(1 − |η|)dη, ξ = 0; (s.2)
and
pˆ(a|A, ξ) =
∫ 1
0
p(a|A,ηkξ )q(η
k
ξ )|η
k
ξ |f(η
k
ξ)dk
qˆ(ξ)
, ξ 6= 0,
(s.3)
pˆ(a|A, ξ) =
∫
B˜
p(a|A,η)q(η)(1 − |η|)dη
pˆ(ξ)
, ξ = 0,
(s.4)
where f(ηkξ ) =
|ηkξ |2
|ξ|2 = |η
k
ξ |
2, and the distributions with-
out hats are of the original g-model. Note that the
probability of ξ at C should be a discrete pˆ(0), but for
convenience we will also write it as qˆ(0) in some fol-
lowing equations, which satisfies
∫
C qˆ(0)dξ = pˆ(0) and∫
C pˆ(a|A,0)qˆ(0)dξ = pˆ(a|A,0)pˆ(0).
Here we explain the construction of the extreme g-
model. In Eqs. (s.1) and (s.2) we divided q(ηkξ ) into
to parts, one with proportion |ηξ| and the other with
proportion 1 − |ηkξ |. Then we put the first part into
the distribution of the unit vector ξ and the second part
into the distribution of 0. Note that we are also con-
verting the distribution q(η) in B˜ into a q(ξ) on N and
C, that is why we have the term f(ηkξ ), which satisfies
dηkξ = f(η
k
ξ )dkdξ, in Eqs. (s.1) and (s.3).
Now we examine if {qˆ(ξ), pˆ(a|A, ξ)} is a g-model for
the steering figure. From Eqs. (s.1-s.4), we can obtain
that for all ξ, there are∑
a
pˆ(a|A, ξ) = 1, (s.5)
∫
NC
qˆ(ξ)pˆ(a|A, ξ)dξ
=
∫
B˜
p(a|A,η)q(η)dη = p(a|A) ·
∫
B˜
q(η)dη
= p(a|A)
∫
NC
qˆ(ξ)dξ, (s.6)
where NC = N ∪ {C}, which is the combined area of the
surface and the center. And we have∫
NC
qˆ(ξ)pˆ(a|A, ξ)ξdξ
=
∫
B˜p(a|A,η)q(η)ηdη = s
a
A, (s.7)
6which altogether indicate that {pˆ(a|A, ξ), qˆ(ξ)} is also a
g-model for the same steering figure.
The quantity S for the extreme g-model is
S =
∫
NC
qˆ(ξ)dξ =
∫
B˜
q(η)dη, (s.8)
which shows that quantity S doesn’t change when the
original g-model is transformed into an extreme one.
Now that any original g-model can always be trans-
formed into an extreme g-model with same quantity S,
we can say that all g-models which can be transformed
into the same extreme g-model are equivalent to this
extreme g-model, and we just need to consider the
extreme case when constructing a concrete model.
APPENDIX B: CONSTRUCTION OF
EQUIVALENT MLHS MODELS
For every MLHS model {q(λ), p(a|A, λ), ρ(λ)}, where
ρ(λ) =
1
2
(I + bλ · σ), (s.9)
we obtain its g-model {q(η), p(a|A,η)} using (8) in the
main text. Then we transform the original g-model into
an extreme one, written {qˆ(ξ), pˆ(a|A, ξ)}.
Now we can construct an MLHS model
{q′′(υ), p′′(a|A,υ), ρ(υ)} where
ρ(υ) =
1
2
(I + υ · σ), (s.10)
and υ are unit vectors or zero vectors, by letting
q′′(υ) = qˆ(ξ)|υ=ξ,
p′′(a|A,υ) = pˆ(a|A, ξ)|υ=ξ, (s.11)
for every υ and ξ.
Simple calculations shows that the model
{p′′(a|A,υ), q′′(υ), ρ(υ)} is also an MLHS model
for the state. This MLHS model, obtained by (s.11), is
one-to-one mapped to an extreme g-model. We call the
MLHS model which one-to-one mapped to an extreme
g-model the corresponding MLHS model of the g-model,
and vice versa.
Since the g-modes of the original MLHS model
{q(λ), p(a|A, λ), ρ(λ)} is equivalent to the ex-
treme g-model of the transformed MLHS model
{q′′(υ), p′′(a|A,υ), ρ(υ)}, we say these two MLHS
models have the same steerability and are equivalent.
We can use the latter MLHS model to represent all
MLHS models in the same equivalent group.
APPENDIX C: PROOF OF THEOREM 3
First we review theorem 3 in the main text.
Theorem 3. A two qubit state ρ obtained by mixture
ρ =
∑
i c(i)τi has an MLHS model Hρ under MA if every
τi has an MLHS model Hi under MA, where τi are some
two-qubit states, real number c(i) ≥ 0 and
∑
i c(i) = 1.
Proof. Here we construct the corresponding g-model
of Hρ. Let pi(a|A) and s
a
iA denote the probabilities and
conditioned vectors under MA for τi. For state ρ =∑
i c(i)τi, there is pρ(a|A) =
∑
i c(i)pi(a|A) and s
a
ρA =∑
i c(i)s
a
iA. We construct a model {qρ(η), pρ(a|A,η)}
satisfying
qρ(η) =
∑
i
c(i)qi(η),
pρ(a|A,η) =
∑
i c(i)qi(η)pi(a|A,η)
qρ(η)
, (s.12)
for every η, where {qi(η), pi(a|A,η)} is the g-model (not
necessarily optimal) for τi under MA.
Let SI denote the sum
∑
i c(i)Si.
Similar to (9) in the main text, we construct the mod-
ified nonnegative distributions {q′ρ(η), p
′
ρ(a|A,η)} satis-
fying
q′ρ(η) = (Sρ − SI) · δ(η) + qρ(η),
p′ρ(a|A,η) =


pρ(a|A)Sρ − L(a|A)∫
C
q′ρ(0)dη
, η = 0,
pρ(a|A,η), otherwise,
(s.13)
where δ(η) is Dirac delta function, L(a|A) denotes the in-
tegral
∑
i c(i)
∫
η 6=0 pi(a|A,η)qi(η)dη, Sρ is a value which
keeps q′ρ(η) ≥ 0 and pρ(a|A)Sρ − L(a|A) ≥ 0 for all a
and A. Since L(a|A) ≤
∑
i c(i)Sipi(a|A) ≤ Smpρ(a|A),
where Sm =maxi{Si}, we can always find an Sρ satisfy-
ing Sρ ≤ Sm, which means the quantity Sρ would not be
larger than the largest Si if it is well chosen.
From (s.13) there is
0 ≤ p′ρ(a|A,η) ≤ 1,∑
a
p′ρ(a|A,η) = 1, (s.14)
and ∫
B˜
p′ρ(a|A,η)q
′
ρ(η)ηdη
=
∑
i
c(i)
∫
B˜
pi(a|A,η)qi(η)ηdη
=
∑
i
c(i)saiA = s
a
ρA. (s.15)
Also ∫
B˜
p′ρ(a|A,η)q
′
ρ(η)dη
= pρ(a|A)Sρ − L(a|A) + L(a|A)
= pρ(a|A)Sρ, (s.16)
7Therefore {q′ρ(η), p
′
ρ(a|A,η)} is a g-model for ρ, and
its quantity S′ is
S
′ =
∫
B˜
q′ρ(η)dη
=
∑
i
c(i)
∫
B˜
qi(η)dη + (Sρ − SI) = Sρ. (s.17)
Specially, when all τi are T states, their pρ(a|A) are
constant 12 for all a and A. If L(a|A) are also constant
1
2 for them, we can let Sρ = SI and q
′
ρ(η) = qρ(η),
p′ρ(a|A,η) = pρ(a|A,η). Therefore the mixture of T
states are unsteerable if the mixture of their quantities
S does not exceed 1. 
APPENDIX D: PROOF OF THEOREM 4
First we review theorem 4 in the main text.
Theorem 4. The MLHS models exist for the set of
states {φ(c)} under a measurement set MA, if and only
if MLHS model exists for some φ(c0) under MA, where
φ(c) = cρ+ (1 − c)ρA ⊗ IB , (16)
where ρ is an arbitrary two-qubit state, c ∈ [0, 1], c0 ∈
(0, 1] and ρA = TrB(ρ).
Proof The necessity is obvious so we prove the suf-
ficiency. Note first that MLHS model for a two qubit
state is equivalent to g-model for its ellipsoid. We denote
the g-model for φ(c0) under MA as {qc0(η), pc0(a|A,η)}.
For any state φ(c) in the set, its probability pc(a|A)
upon performing measurement operator Aa is pc(a|A) =
Tr(AaρA), which is independent of c. Its conditioned
vectors sacA satisfy s
a
cA =
c
c0
· sac0A.
Then for every φ(c) (1 ≥ c ≥ 0), distributions
qc(η) =
c
c0
qc0(η),
pc(a|A,η) = pc0(a|A,η), (s.19)
satisfies equations (6) and (7) in the main text. There-
fore {qc(ξ), pc(a|A, ξ)} is a g-model for φ(c), with
steering quantity Sc =
c
c0
· Sc0 . Now that there is a
g-model for the steering ellipsoid of every φ(c), there is
an MLHS model for every φ(c) in the set under MA. 
APPENDIX E: THE DIFFICULTY OF
GENERATING MLHS MODEL INTO POVM
Consider a POVM set {Ei}. Since any POVM can
be converted into an equivalent ”fine grained” one, with
each operator written as a shrinked projector [17], we let
every measurement operater Ei be a shrinked projector
of a rank 1 projector Pi without loss of generality. Then
we have Ei = ciPi , where ci are real numbers satisfying
0 ≤ ci ≤ 1 and
∑
i ci = 2 for two qubit states. Note
that although projectors Pi satisfy
∑
i Pi = I, they may
come from different sets of projective measurements and
be non-orthogonal.
Now a question arises as, can we construct an MLHS
model for general POVM operators Ei by multiplying ci
to the conditioned probability p(a|A,υ) under projectors
Pi while keeping q(υ) unchanged? We’ll show that this
can not be done.
The probability of a state ρ obtaining result i under
POVM operator Ei is pE(i|E) = cip(i|Pi) and the un-
normalized conditioned state is ˜ρEi = ciρ˜i, where p(i|Pi)
and ρ˜i are the conditioned probability and unnormalized
conditioned state under projector Pi.
We denote the MLHS model of the state under
projector Pi as {q
′′(υ), ρυ , p′′(i|Pi,υ)}. Now we let
p′′E(i|E,υ) = cip
′′(i|Pi,υ) and check if model model
{q′′(υ), ρυ , p′′E(i|E,υ)} is the MLHS model for the state
under POVM operators Ei.
First there is∫
q′′(υ)p′′E(i|E,υ)dυ = ci
∫
q′′(υ)p′′(i|Pi,υ)dυ
= pE(i|E). (s.20)
For every unnormalized conditioned states there is∫
p′′E(i|E,υ)q
′′(υ)ρυdυ
= ci
∫
p′′(i|Pi,υ)q′′(υ)ρυdυ = ˜ρEi . (s.21)
Equations (s.20) and (s.21) show that directly gener-
ating the GHLS models for projectors into models for
POVM operators can reproduce the conditioned proba-
bilities and conditioned states of Alice and Bob.
However, another condition for MLHS model is
∑
i
p′′E(i|E,υ) = 1. (s.22)
For the model we construct, there is
∑
i
p′′E(i|E,υ) =
∑
i
cip
′′(i|Pi,υ). (s.23)
If Pi are from the same measurement set, then∑
i cip
′′(i|Pi,υ) = 1. But for an arbitrary ρ and non-
orthogonal Pi, it’s not always the case.
For example, a g-model (denoted with H) for a singlet
state |ψ〉 under projective measurements is
p′′o(i|Pi,υ) =


1, υ · bPi ≥ 0, |υ| = 1,
1/2, |υ| = 0,
0, otherwise,
q′′o (υ) =


1
2pi
, υ 6= 0,
0, υ = 0,
(s.24)
8where υ are unit vectors or zero vectors, bPi is the Bloch
vector of the conditioned state ρPi under Pi.
Consider a POVM set E1 =
2
3 |0〉〈0|, E2 =
2
3 |α〉〈α|,
E3 =
2
3 |β〉〈β|, where |α〉 =
1
2 |0〉 +
√
3
2 |1〉,
|β〉 = 12 |0〉 −
√
3
2 |1〉 are both pure states. The only
set of projectors that can realize this POVM is
{|0〉〈0|, |α〉〈α|, |β〉〈β|}. Let P1, P2, P3 denote these
three projectors. Obviously the conditioned probability
p′′E(i|E,υ) =
1
3
∑3
i=1 p
′′
o(i|Pi,υ) for Ei doesn’t satisfy
condition (s.22), thus {q′′o (υ), ρυ , p
′′
E(i|E,υ)} can not be
an MLHS model for singlet state under POVMs.
Even if we adjust the coefficient ci for every p
′′(i|Pi,υ)
or add a normalization term to p′′E(i|E,υ), it’s still
hard to construct an MLHS model for all general
POVM operators by projective measurements satisfying
(s.20-22) simultaneously.
APPENDIX F: PROOF THAT So(ρ) DOES NOT
CHANGE IN LOCAL UNITARY (LU)
OPERATIONS AND DOES NOT INCREASE IN
LOCAL OPERATIONS AND SHARED
RANDOMNESS (LOSR) UNDER THE SET OF
ALL POVMS.
LOSR are completely positive trace-preserving
(CPTP) maps that can be written as
∑
k u(k)Ek ⊗ Fk,
where Ek and Fk are CPTP maps on the linear operators
of Alice and Bob’s Hilbert space respectively, u(k) is
probability distribution [19].
When an LOSR operation is performed on the
two-qubit state ρ, the result state ρ is
ρ =
∑
k
u(k)
∑
ij
LXki ⊗ LY kjρL
†
Xki ⊗ L
†
Y kj , (s.25)
where X denotes the local system of Alice and Y denotes
the local system of Bob, LXki and LY ki are positive oper-
ators satisfying
∑
i LXkiL
†
Xki = IX and
∑
j LY kjL
†
Y kj =
IY .
When Alice performs POVM operatorMaA on her own
system of ρ, the unnormalized conditioned state ρ˜aA of
Bob’s side is
ρ˜aA =TrX(M
a
A ⊗ IBρ)
=
∑
k
u(k)ρ˜aA(k), (s.26)
in which
ρ˜aA(k) = TrX(M
ak
Ak
⊗ IB
∑
j
IA ⊗ LY kjρI
†
A ⊗ L
†
Y kj)
=
∑
jk
LY kjTrX(M
ak
Ak
⊗ IBρ)L
†
Y kj , (s.27)
where {MakAk} is also a set of POVM, with M
ak
Ak
=∑
i L
†
Xki
MaALXki .
Suppose the optimal MLHS model for ρ under POVM
set {MaA} is {q(λ), p(a|A, λ), ρ(λ)}, then we can construct
an MLHS model for ρLOSR by two steps. First we intro-
duce MLHS model Hk : {qk(λk), pk(a|A, λk), ρk(λk)} for
each set of assemblages {ρ˜aA(k)}, where
ρk(λk) =
∑
i
LY kiρ(λ)L
†
Y ki,
pk(a|A, λk) = p(ak|Ak, λ),
qk(λk) = q(λ). (s.28)
Notice that the quantity Sk corresponding to each Hk
satisfies Sk = So(ρ).
Then, we combine these MLHS models into a new
MLHS model H′ : {q′(γ), p′(a|A,γ), ρ′(γ)}, where γ is
the vectors inside a unit sphere (satisfying |γ| ≤ 1), and
every ρ′(γ) satisfies
ρ′(γ) =
1
2
(I + γ · σ). (s.29)
We construct this new MLHS model by letting
q′(γ) =
∑
{k|ρk(λk)=ρ′(γ)}
u(k)qk(λk),
p′(a|A,γ) =
∑
{k|ρ(λk)=ρ′(γ)} u(k)pk(a|A, λk)qk(λk)
q′(γ)
.
(s.30)
Using the result in the proof of theorem 3, we can obtain
that the MLHS modelH′ can reconstruct the assemblages
ρ˜aA, also, its corresponding quantity S
′ ≤ maxk{Sk} =
So(ρ).
Therefore we have
So(ρ) ≤ S
′ ≤ So(ρ), (s.31)
which proves that the quantity So does not increase
under LOSR.
Now we consider the case that the LOSR they perform
is an LU operation, written UX ⊗ UY . LU operations
are reversible, and the inverse operation of an LU
operation is also an LU operation. Let ρLU denote
the state obtained by performing the LU operation
UX ⊗UY on ρ. By applying UX ⊗UY on ρ and applying
U−1X ⊗ U
−1
Y on ρLU we can transform the two states
into each other, and according to former result we have
So(ρ) ≤ So(ρ) and So(ρ) ≤ So(ρ), which indicates that
So(ρ) = So(ρ). So the quantity So does not change under
LU operations. 
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